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Abstract - The hyperbola represented by the binary quadratic equation 9x^2-7y^2=8 is analyzed for finding its non-
zero distinct integer solutions. A few interesting relations among its solutions are presented. Also, knowing an integral
solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are presented. The
formulation of second order Ramanujan Numbers with base numbers as real integers and Gaussian integers is
illustrated.
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I. INTRODUCTION
The binary quadratic Diophantine equations of the form are rich in variety and have been

analyzed by many mathematicians for their respective integer solutions for particular values of and . In this context,
one may refer [1-14].

This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary
quadratic equation given by representing hyperbola. A few interesting relations among its solutions are
presented. Knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and
parabolas are presented. The formulation of second order Ramanujan Numbers with base numbers as real integers and
Gaussian integers is illustrated.

II. METHOD OF ANALYSIS
The Diophantine equation representing the binary quadratic to be solved for its non-zero distinct integer solutions is

(1)
Consider the linear transformations

(2)
From (1) and (2), we have

(3)
whose smallest positive integer solution is

To obtain the other solutions of (3) , consider the pell equation
(4)

whose smallest positive integer solution is
The general solution of (4) is given by

where

Applying Brahmagupta lemma between and we have

(5)
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(6)

Substituting (5) and (6) in (2) , the other integer solutions of (3) are given by

(7)

(8)

Replacing by in (7), we get

(9)

Replacing by in (9) , we get

(10)

Eliminating between (7), (9) and (10) , we have
(11)

In a similar manner, one obtains

(12)

(13)

Eliminating between (8) , (12) and (13) , we have
(14)

Thus, (11) and (14) represent the recurrence relations satisfied by the value of and respectively,
Some numerical examples of and satisfying (1) are given in the Table 1 below:

Table: 1 Numer ical Example

-1 30 34
0 478 542
1 7618 8638
2 121410 137666
3 1934942 2194018

From the above table, we observe some interesting relations among the solutions which are presented below:
Both and values are even.
One can generate second order Ramanujan numbers by choosing and values suitably.
For illustration, consider

(*)

Now,
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Thus, 18425485130, 5322917938, 2227436458, 999070810, 591435442, 329384162, 212917042, 111008410, 86327810,
57211570 are second order Ramanujan numbers whose base numbers are Real Integers. Also, from (*),
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Thus ,
18425485120 , 5322917912 , 2227436390 , 999070704 , 591435208,

329383800 , 212916392 , 111007312 , 86326440 , 57209048 are second order Ramanujan number whose base
number are Gaussian Integers.

1. Relations among the solutions are given below.






































2. Each of the following expressions is a nasty number :
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3. Each of the following expressions is a cubical integer :





























4. Each of the following expressions is a bi-quadratic integer :
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5. Each of the following expressions is a quintic integer :





























REMARKABLE OBSERVATIONS
I. Employing linear combinations among the solutions of (1), one may generate integer solutions of hyperbolas.

For simplicity and clear understandings the other choices of hyperbola are presented in the Table 2 below:
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Table: 2 Hyperbola
S.NO Hyperbola (X,Y)

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

II. Employing linear combinations among the solutions of (1), one may generate integer solutions of parabolas. For
simplicity and clear understandings the other choices of parabola are presented below in Table 3:

Table: 3 Parabola
S.NO Parabola (X,Y)

1

2

3

4
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5

6

7

8

9

10

11

12

13

14

15

III. CONCLUSION
In equation (1), the linear transformations for x and y may also be considered as . Following the

above procedure, one obtains different set of solutions to . As quadratic equations are rich in variety ,the
readers may search for integer solutions to other choices of hyperbolas with suitable relations among the solutions.
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