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Abstract - The Intention Of This Paper Is To Obtain Sufficient Conditions For The Existence Of A Unique Fixed Point
Of T-Zamfirescu In Complete Cone Metric Spaces And We Introduce T-Mann Iteration And Study The Convergence
Of These Iterations For The Class Of T-Zamfirescu Operators In Real Banach Spaces. Improves The Corresponding
Result Proved By Morales And Rojas [6].
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1. Introduction:-

Huang and Chang [8] gave the notion of cone metric space, replacing the set of real numbers by ordered Banach Space and
introduced some fixed point theorems for function satisfying contractive conditions in Banach Spaces. Sh. Rezapour and R.
Hamalbarani [12] were generalized result of [8] by omitting the normality condition , which is milestone in developing fixed
point theory in cone metric space. After that several articles on fixed point theorems in cone metric space were obtained by
different mathematicians such as M. Abbas , G. Junck [9] , D. llic [2] etc

In contrast, A. Beiranvand etc [1] introduced the T—contraction and T—contractive mappings and then they extended the Banach
contraction principle and the Edelstein’s fixed point Theorem.

The T-Kannan contractive mappings introduced by S. Moradi [13], and extend in this way the Kannan’s fixed point theorem
[10]. The corresponding version of T-contractive, T-Kannan mappings and T—Chalterjea contractions on cone metric spaces
was studied in [4] and [5] respectively, obtained sufficient conditions for the existence of a unique fixed point of these mappings
in complete cone metric spaces. In [6] they studied the existence of fixed points for T-Zamficescu operators in complete metric
spaces and proved a convergence theorem of T-Picard iteration for the class of T-Zamficescu operators.

In analysis of these facts, thus the purpose of this paper is to study the existence of fixed points of T—Zamficescu defined on a
complete cone metric space (X,d), generalizing consequently the results given in [3] and [14], and we introduce T-Mann
iteration and establish strong convergence theorems of these iteration schemes to the fixed point of T-Zamficescu operators in
real Banach spaces.

2. Preliminaries & Definition

Definition 2.1. Let (E, || - ||) be a real Banach space. A subset P C E'is said to be a cone if and only if
(i P is closed, nonempty and P # {0}

(i) a,beR, ab=0, x,y € Pimplies ax +by € P

(iii) Pn(—P) = {0}

For a given cone P subset of E, we define a partial ordering < with respect to P by x <y if and only if y —x € P. We shall
write x < y to indicate that x < y but x # y while x << y will stand for y — x € int P where int P denotes interior of P and
is assumed to be nonempty.

Definition 2.2. [7] Let X be a nonempty set. Suppose that the mapping d : X X X — E satisfies

Q) 0<d(x,y)foreveryx,y € X, d(x,y) =0ifandonly if x = y.

(i) d(x,y) = d(y,x) foreveryx,y € X.

(iii) dx,y) < d(x,z) + d(z,y) forevery x,y,z € X.

Then d is a cone metric on X and (X, d) is a cone metric space.

Example 2.3 [3] LetE=R" ,P ={(x,y) EE : x,y =0} c R?, X =R and d: X X X — E such that
d(x,y) = (|Jx — y|,a¢|x — y|), where @ = 0 is a constant. Then (X, d) is a cone metric space.

Definition 2.3. Let E be a Banach space and P C E a cone. The cone P is called normal if there is a number K > 0 such that for
allx,y € E,

0 <x < ylImplies |[x]| < K]|yl|
The least positive number satisfying the above is called the normal constant of P.

Definition 2.4. [11] Let X be a vector space over R. Suppose the mapping || - || : X — E satisfies
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(i [x]] =0forall x € X

(i) [|x]| = 0ifand only if x = 0

(iii) lx +y|l < |lx[| + [|y]| forall x,y € X

(iv) kx| =| k| ||xl forall k € R.

Then || - || is called anorm on X, and (X, || - ||) is called a cone normed space. Clearly each cone normed space is a cone metric

space with metric defined by d(x,y) = [|x — y||

Definition 2.5. [3] Let (X, d) be a cone metric space, x € X and {x,,} a sequence in X. Then
Q) {x,} converges to x if for every ¢ € E with 0 « c there is a natural number N such
that d(x,,x) <c forall n = N
We shall denote it by ,11_{?0 X, =X0r X, > X.

(i) {x,} is a Cauchy sequence, if for every c € E with 0 « c there is a natural number N such that
d(x,,x) <c forall nnm > N
(iii) (X, d) is a complete cone metric space if every Cauchy sequence is convergent in X.

Definition 2.6. [11] Let (X, || - ||) be a cone normed space, x € X and {x,,} a sequence in X. Then
(1) {xn} converges to x if for every ¢ € E with 0 « c there is a natural number N such that ||x,, — x|| < ¢ forall n >
We shall denote it by lim x, = x or x,, = x.

n—-oo

(i) {x,.} is a Cauchy sequence, if for every ¢ € E with 0 « c there is a natural number N such that
[l — x|l < ¢ forall nnm = N

(iii) (X, |l - D is a complete cone normed space if every Cauchy sequence is convergent. A complete cone normed space

is called a Cone Banach space.

Lemma 2.7. [3] Let (X, d) be a cone normed space. P be a normal cone with constant K. Let {x,,}, {),.} be a sequence in X and
x,y €X Then

(1) {x,} converges to x if and only if lim d(x,,x) =0 .
n—-oo
(i) If {x,} converges to x and {x,} convergesto y thenx =y
(iii) If {x,.} is a Cauchy sequence if and only lim d(x,,x,,) =0
n,m—-oo
(iv) If the {x,,} converges to x and {y,, }converges to y then d (x,, y,,) = d(x,y)

Proof: (i) Suppose that {x,,} converges to x,
For every real € > 0, choose ¢ € E with 0 < ¢ andK]|c|| < ¢
Then there is N, foralln > N, d(x,,x) L c
So thatwhen > N, ||d(x,, x)|l < K|lc|| <

This means Tlll_I)I(;lo d(x,,x) = 0.
Conversely, suppose that

711_1;1;10 d(x,,x) =0

Forc € E with0 « ¢, thereis § > 0, such that ||x|| = § implies ¢ — x € int P.
For this 6 there is N, such that foralln > N, ||d(x,, )|l < 6.
So, ¢ — d(x,, x) € intP. This means d(x,,x) < ¢
Therefore {x, } converges to x.

(ii) For any ¢ € E with 0 « c, there is N such that for all n > N, d(x,, x) < c and d(x,,y) < c. We have
d(x,y) < d(x,,x) +d(x,y) < 2c
Hence
d(x,y) < 2K]|lc|l

Since c is arbitrary d(x,y) = 0; therefore x =y.

(iii) Forany c € E with 0 < c, there is N such that for all n,m > N, d(x,,x) < %and
d (%, X) < 2.

Hence d(x;,, X)) K d(xp, x) + d(Xp, x) < C.
Therefore {x,,} is a Cauchy sequence.

(iv) Suppose that {x, } is a Cauchy sequence. For every € > 0, choose ¢ € E with 0 « ¢ and
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K|[c|| < e. Thenthereis N, foralln,m > N, d(x,, x,,) < c.
So thatwhen,m > N, [|d(xp, x)|| < Klc|| < . Thismeans lim d(x,, x,,) = 0.
n,m—oo

Conversely, suppose that  lim d(x,, x,,) = 0.
n,m—oo

For ¢ € E with 0 < c, thereis§ > O such that ||x|]| < § = ¢ — x € int P.
For this & there is N , such that for all n,m > N, ||d (%, x,) || < 6.

S0 ¢ — d(xp, x) € int P. this means d(x,, x,,) < c.

Therefore {x,,} is a Cauchy sequence.

€

(v) For every € > 0, choose ¢ € E with 0 « c and ||c|| < K

From x, — x and y, — y, there is N such that for all n > N, d(x,, x) < c and
d(Vn,y) < c. We have
d(xn, yn) < d(xp, x) +d(x,y) + d(yp, x) < d(x,y) + 2
d(x,y) < d(xn, ) + d(xn, Yn) + AV, y) < d(Xp, Y0) + 2
Hence
ld (xtn, yn) = dCo W < 1ld(x, ) + 2¢ = d e, y) Il + N|2¢]l < (4K + 2) el < &
Therefore d(x,, y,,) — d(x,y)

Definition 2.8. Let (X, d) be a cone metric space, P a normal cone with normal constant Kand 7T : X — X. Then

Q) T is said to be continuous, if lim x, = x = limT(x,) = T(x) for all {x,}and x in X.
n—-oo n—oo
(i) T is said to be sub-sequentially convergent if we have, for every sequence {y,. }, if T(y,,) is convergent, then {y,, } has

a convergent sub-sequence.

(iii) T is said to be sequentially convergent if we have, for every sequence {y, }, if T(y,,) is convergent then {y,,} also is
convergent.

Now, following the ideas of T. Zamfirescu [D] we introduce the notion of T—Zamfirescu mappings.

Definition 2.9.[14]Let (X, d) be a cone metric space and T,S : X — X two mappings. S is called a T-Zamfirescu mapping,
(TZ-mapping), if and only if, there are real numbers,0 < a < 1, 0 < b,c < 1/2suchthatforall x,y € X, at least one of
the next conditions are true:

(TZ1): d(TSx,TSy) < ad(Tx,Ty).
(TZ2): d(TSx,TSy) < b[d(Tx,TSx) + d(Ty, TSy)].
(TZ3): d(TSx,TSy) < c[d(Tx,TSy) + d(Ty,TSx)].

Definition 2.10.Let E be a Banach space, x, € E and T,S: E — E be two mappings. The sequence {Tx,,} € E defined by
Txps1 = Q= )Tx, + a,TSx, vn=123 .., (2.1)
where {a,} € [0,1] is called the T-Mann iteration associated to S.
Lemma 2.11.[15] Let{r,}, {s,.} and {¢t,} be sequences of non negative numbers satisfying the inequality
Tpe1 < (L —=s)1, +s,t, foralln>1

Istn =o and lim ¢, =0 then limn, =0
n—oo n—oco
n=1

3. Main Result:-
Lemma 3.1: Let (X, d) be a cone metric spaceand 7,S : X — X two mappings with
a[d(Tx,TSy) + d(Ty,TSy)], }
<
d(TSx,TSy) < max {b[d(Tx, TSy) + d(Ty, TSx) — d(TSy, TSx)] -1
forall x,y € X.where0 <a <1 and 0 < b < 1.Then S is a T-Zamfirescu mapping.
Proof:- Forall x,y € X,
ald(Tx,TSy) + d(Ty,TSy)], }
<
d(TSx,TSy) < max {b [d(Tx, TSy) + d(Ty, TSx) — d(TSy, TS¥)]
< ma { ald(Tx,TSx) + d(TSx,TSy) + d(Ty,TSy)], }
= max b[d(Tx,TSx) + d(TSx,TSy) +d(Ty, TSy) + d(TSy,TSx) — d(TSy, TSx)]

< max {a[d(Tx, TSx) +d(TSx,TSy) + d(Ty, TSy)],}
- b[d(Tx,TSx) + d(TSx,TSy) + d(Ty, TSy)]
Ifa>bh
d(TSx,TSy) < a[d(Tx,TSx) +d(TSx,TSy) + d(Ty,TSy)]
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d(TSx,TSy) —a d(TSx,TSy) < a[d(Tx,TSx) + d(Ty, TSy)]
(1 —-a)d(TSx,TSy) < al[d(Tx,TSx) +d(Ty, TSy)]

d(TSx,TSY) < fa) [d(Tx, TSX) + d(Ty, TSy)] . (3.2)
Ifb>a

d(TSx,TSy) < b[d(Tx,TSx) + d(TSx,TSy) + d(Ty,TSy)]

d(TSx,TSy) — b d(TSx,TSy) < b[d(Tx,TSx) +d(Ty,TSy)]

(1 —b)d(TSx,TSy) < b[d(Tx,TSx) +d(Ty,TSy)]

d(TSx,TSy) < - b)[d(Tx, TSx) + d(Ty, TSy)] ..(3.3)

Therefore by denoting A = max {ﬁ 1%}
We have 0 < 4 < 1. Hence for all x, y € X the following inequality holds
d(TSx,TSy) < Ad(Tx,TSx) +d(Ty,TSy)]
Thus, S is a T-Zamfirescu mapping.
Theorem 3.2:- Let (X, d) be a complete cone metric space, P be normal cone with normal cone with normal constant K.
Moreover, let T: X — X be a continuous and one to one mapping and S: X — X a continuous mapping with
a[d(Tx,TSy) + d(Ty,TSy)], }
<
d(TSx,TSy) < max{b[d(Tx, TSy) + d(Ty, TSx) — d(TSy, TSx)]

Then
Q) Forevery x, € X
lim d(TS™x,, TS"x,) =0

n—oo

(i) There is y, € X such that
hm TSnxO = yo

n—-oo

(i) If T is sub-sequentially convergent, then {S™x,} has a convergent sub sequence.

(iv) There is a unique z, € X such that Sz, = z,.

v) If T is sequentially convergent, then for each x, € X the iterate sequence {S™x,} convergent to z,
Proof:-

(i) By lemma (3.1) S is a T-Zamfirescu mapping. Therefore, 3 a real number 0 < h < 1 such that
d(TSx,TSy) < hd(Tx,Ty) forallx,y € X
Suppose x, € X is an arbitrary point and the Picard iteration associated to S, {x,,} is defined by
Xny1 = Sx, = S™x, n=2012...

Thus, d(TS™xy, TS™x,) < h d(TS™x, TS™ 'x,)

< h[h d(TS™ Yx, TS %x4)]

< h2d(TS™ 1x,, TS™ 2x,)

< h3[d(TS™ 2xy, TS™ 3x,)]
Continue to n times, for all n we have

d(TS™ 1xy, TS"xy) < h™[d(TSxo, Txo)] ..(34)
Form the above, and fact the cone P is normal cone we obtain that
ld(TS™* 20, TS™x0) Il < KR™[|d (TS0, T2xo) |
Taking limit n — oo in the above inequality we can conclude that
lim d(TS™x,, TS"x,) =0

n—oo
(if) Now, for m,n € N withm > n from (3.4) we get
d(TS™xy, TS™xo) < (W™ + ... + A" Nd(TSxq, Tx,)
n

h
< ﬁd(TSxo, Txy)
Since P is a normal cone we obtain
lim d(TS™x,, TS™xy) =0

m,n—oco
Hence, the fact that (X, d) is a complete cone metric space, imply that (TS™x,) is a Cauchy sequence in X, therefore is y, € M
such that

lim TS™x, = y,

n—oo
(iii) If T is sub-sequentially convergent, {S™x,} has a convergent subsequence, so there is z, € M and {n, };~, such that

hm Snkxo = Zo

k—co

(iv) Since T and S are continuous mappings we obtain:
limT S™x, = Tz,

k—oo

lim T S™*1x, = TSz,

k—oo

Therefore, Tz, = yo = TSz, ,

Since, T is one to one, then Sz, = z,.

So S has a fixed point.

Now, suppose that Sz, = z, and Sz; = z;.
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d(TSzy,TSz) < A[d(Tzy, TSzy) + d(Tz,,TSz,)]
d(Tzy,Tz,) < Ad(Tzy,Tzy) +d(Tz,,Tz,)]
d(Tzy,Tz,) <0
= d(Tzy,Tz;) =0
= Tzy=Tz
Since T is one to one, then we obtain that z, = z;.
(v) Itis clear that if T is sequentially convergent, then for each x, € X, the iterate sequence {S™x,} converges to z,.
Theorem 3.3: Let E be a real Banach space, K be a closed, convex subset of Eand T,S: K — K be two mappings such that T
is continuous, one-to-one, sub-sequentially convergent with
_ alITx =TSyl + ITy — TSylll, }
7z =75yl < maxfy e ool iy sl —rsy —rse) <G
Let {Tx,}n=o be the sequence defined as in (2.1) where {a,};=o € [0,1] and Y;o_; @, = oo then {Tx, };-, converges to Tx"
where x* is the fixed point of S.
Proof: By Lemma (3.1), S is a T-Zamfirescu mapping, and by the theorem (3.2) we get that S has a unique fixed point, say
x* inK.
Since S is a T-Zamfirescu mapping, therefore, there is a real number 0 < k < 1 such that
ITSx — TSy|| < k||Tx — Ty|| ..(3.6)
Let {Tx,}mo € K be the T- Mann iteration associated to S defined by (2.1) and x, € K . Then
ITxpe1 — Tx*|| = [[(1 — @) Txy + anTSxn, — Tx™||
=|(1 = an) (Txp — Tx") + an (TSx,, — Tx")||
Which gives
Txpe1 —Tx* || < (L — ap)ITx,, — Tx*|| + an|ITSx, — Tx"|| ..(3.7)
Taking x = x™ and y = x,, in (3.6) we get
[ITSx™ — TSx,|| < k||ITx™ — Tx,||
which implies
[ITx* — TSx,|| < k||Tx* — Tx,|| ..(3.8)
Using (3.7) and (3.8) we obtain,
ITxne1 = Tx*|| < (1 = @) ITxn — Tx*|| + ankl|Tx™ — Txy||
= (1 —apt+ ank)”Txn i Tx*”
=[1 = (1 = K)JlITx, — Tx"||
Since0 <k <1a,€[01]and Y _; a, = oo,
by setting a, = (1 — k)a,, 1, = ||Tx,, — Tx"|| and by applying Lemma (2.11) we get that
Lim||Tx, = Tx*|| = 0

Hence {Tx, }n=o cOnverges to Tx* where x*is the fixed point of S.
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