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1. Introduction:- 

Huang and Chang [8] gave the notion of cone metric space, replacing the set of real numbers by ordered Banach Space and 

introduced some fixed point theorems for function satisfying contractive conditions in Banach Spaces. Sh. Rezapour and R. 

Hamalbarani [12] were generalized result of  [8] by omitting the normality condition , which is milestone in developing  fixed 

point theory in cone metric space. After that several articles on fixed point theorems in cone metric space were obtained by 

different mathematicians such as M. Abbas , G. Junck [9] , D. Ilic [2] etc 

In contrast, A. Beiranvand etc [1] introduced the T−contraction and T−contractive mappings and then they extended the Banach 

contraction principle and the Edelstein’s fixed point Theorem. 

The T−Kannan contractive mappings introduced by S. Moradi [13],  and extend in this way the Kannan’s fixed point theorem 

[10]. The corresponding version of  T-contractive, T-Kannan mappings and T−Chalterjea contractions on cone metric spaces 

was studied in [4] and [5] respectively, obtained sufficient conditions for the existence of a unique fixed point of these mappings 

in complete cone metric spaces. In [6] they studied the existence of fixed points for T-Zamficescu operators in complete metric 

spaces and proved a convergence theorem of T-Picard iteration for the class of T-Zamficescu operators.  

In analysis of these facts, thus the purpose of this paper is to study the existence of fixed points of T−Zamficescu defined on a 

complete cone metric space (𝑋, 𝑑), generalizing consequently the results given in [3] and [14], and we introduce T-Mann 

iteration and establish strong convergence theorems of these iteration schemes to the fixed point of T-Zamficescu operators in 

real Banach spaces. 

2. Preliminaries & Definition  

 

Definition 2.1. Let (𝐸, ‖ ∙ ‖) be a real Banach space. A subset 𝑃 ⊆ 𝐸 is said to be a cone if and only if  

(i)    P is closed, nonempty and 𝑃 ≠ {0}  

(ii)    𝑎, 𝑏 𝜖 𝑅,    𝑎, 𝑏 ≥ 0, 𝑥, 𝑦 ∈  𝑃 implies  𝑎𝑥 + 𝑏𝑦 ∈  𝑃  

(iii)    𝑃 ∩ (−𝑃)  =  {0} 

 

For a given cone P subset of E, we define a partial ordering ≤ with respect to P by 𝑥 ≤ 𝑦 if and only if 𝑦 − 𝑥 ∈  𝑃. We shall 

write 𝑥 < 𝑦 to indicate that 𝑥 ≤ 𝑦 but 𝑥 ≠ 𝑦 while 𝑥 << 𝑦 will stand for 𝑦 − 𝑥 ∈  𝑖𝑛𝑡 𝑃 where 𝑖𝑛𝑡 𝑃 denotes interior of P and 

is assumed to be nonempty.  

 

Definition 2.2. [7] Let X be a nonempty set. Suppose that the mapping 𝑑 ∶ 𝑋 × 𝑋 →  𝐸 satisfies  

(i) 0 ≤ 𝑑(𝑥, 𝑦) for every 𝑥, 𝑦 ∈  𝑋, 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦.  
(ii)  𝑑(𝑥, 𝑦)  =  𝑑(𝑦, 𝑥) for every 𝑥, 𝑦 ∈  𝑋.  

(iii)  𝑑(𝑥, 𝑦) ≤  𝑑(𝑥, 𝑧) +  𝑑(𝑧, 𝑦) for every 𝑥, 𝑦, 𝑧 ∈  𝑋.  

Then 𝑑 is a cone metric on X and (X, d) is a cone metric space. 

Example 2.3 [3] Let 𝐸 = 𝑅𝑛   , 𝑃 = { (𝑥, 𝑦) ∈ 𝐸 ∶ 𝑥, 𝑦 ≥ 0} ⊂ 𝑅2 , 𝑋 = 𝑅  and 𝑑: 𝑋 × 𝑋 → 𝐸 such that  

𝑑(𝑥, 𝑦) = (|𝑥 − 𝑦|, 𝛼|𝑥 − 𝑦|), where 𝛼 ≥ 0 is a constant. Then (𝑋, 𝑑) is a cone metric space. 

   

 

Definition 2.3. Let E be a Banach space and P ⊂ E a cone. The cone P is called normal if there is a number K > 0 such that for 

all 𝑥, 𝑦 ∈  𝐸,  

0 ≤ 𝑥 ≤  𝑦 Implies ‖𝑥‖  ≤  𝐾‖𝑦‖ 

The least positive number satisfying the above is called the normal constant of P. 

 

Definition 2.4. [11] Let X be a vector space over R. Suppose the mapping ‖ ∙ ‖ ∶  𝑋 →  𝐸 satisfies  
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(i)    ‖𝑥‖ ≥ 0 for all 𝑥 ∈ 𝑋  

(ii)    ‖𝑥‖ = 0 if and only if 𝑥 = 0  

(iii)    ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖ for all 𝑥, 𝑦 ∈  𝑋  

(iv)    ‖𝑘𝑥‖ = | 𝑘 | ‖𝑥‖ for all 𝑘 ∈  𝑅.  

 

Then ‖ ∙ ‖ is called a norm on X, and (𝑋, ‖ ∙ ‖) is called a cone normed space. Clearly each cone normed space is a cone metric 

space with metric defined by 𝑑(𝑥, 𝑦) = ‖𝑥 − 𝑦‖ 

 

Definition 2.5. [3] Let (𝑋, 𝑑) be a cone metric space, 𝑥 ∈ 𝑋 and {𝑥𝑛} a sequence in X. Then  

(i) {𝑥𝑛} converges to 𝑥 if for every  𝑐 ∈ 𝐸 with 0 ≪ 𝑐 there is a natural number N such     

        that 𝑑(𝑥𝑛, 𝑥) ≤ 𝑐  for all    𝑛 ≥  𝑁 

               We shall denote it by lim
𝑛→∞

𝑥𝑛 = 𝑥 or 𝑥𝑛 →  𝑥.  

 

(ii)  {𝑥𝑛} is a Cauchy sequence, if for every 𝑐 ∈ 𝐸 with  0 ≪ 𝑐 there is a natural number N such that 

𝑑(𝑥𝑛, 𝑥) ≤ 𝑐    for all   𝑛, 𝑚 ≥  𝑁 

(iii)  (𝑋 , 𝑑) is a complete cone metric space if every Cauchy sequence is convergent in X.  

 

Definition 2.6. [11] Let (𝑋, ‖ ∙ ‖) be a cone normed space, 𝑥 ∈ 𝑋 and {𝑥𝑛} a sequence in X. Then  

(i) {𝑥𝑛} converges to 𝑥 if for every  𝑐 ∈ 𝐸 with 0 ≪ 𝑐 there is a natural number N such that ‖𝑥𝑛 − 𝑥‖ ≤ 𝑐  for all    𝑛 ≥  
We shall denote it by lim

𝑛→∞
𝑥𝑛 = 𝑥 or 𝑥𝑛 →  𝑥.  

 

(ii)  {𝑥𝑛} is a Cauchy sequence, if for every 𝑐 ∈ 𝐸 with  0 ≪ 𝑐 there is a natural number N such that 

‖𝑥𝑛 − 𝑥𝑚‖ ≤ 𝑐  for all   𝑛, 𝑚 ≥  𝑁 

.  

(iii)  (𝑋 , ‖ ∙ ‖) is a complete cone normed space if every Cauchy sequence is convergent. A complete cone normed space 

is called a Cone Banach space.  

 

 

Lemma 2.7. [3] Let (𝑋, 𝑑) be a cone normed space. P be a normal cone with constant K. Let {𝑥𝑛}, {𝑦𝑛} be a sequence in 𝑋 and 

𝑥 , 𝑦 ∈ 𝑋 Then  

(i) {𝑥𝑛} converges to 𝑥 if and only if lim
𝑛→∞

𝑑(𝑥𝑛, 𝑥) = 0  .  

(ii)   If {𝑥𝑛} converges to 𝑥  and {𝑥𝑛} converges to 𝑦 then 𝑥 = 𝑦  

(iii)   If {𝑥𝑛} is a Cauchy sequence if and only lim
𝑛,𝑚→∞

𝑑(𝑥𝑛, 𝑥𝑚) = 0 

(iv)   If the {𝑥𝑛} converges to 𝑥 and {𝑦𝑛}converges to y then 𝑑(𝑥𝑛, 𝑦𝑛) → 𝑑(𝑥, 𝑦)   
 

Proof: (i) Suppose that {𝑥𝑛} converges to 𝑥, 

For every real 𝜀 > 0,  choose 𝑐 ∈ 𝐸 with 0 ≪ 𝑐  and K‖c‖ < 𝜀 

Then there is N, for all 𝑛 > 𝑁, 𝑑(𝑥𝑛 , 𝑥) ≪ 𝑐  

So that when > 𝑁 ,   ‖𝑑(𝑥𝑛, 𝑥)‖ ≤ 𝐾‖𝑐‖ < 𝜀 

  This means  lim
𝑛→∞

𝑑(𝑥𝑛, 𝑥) = 0. 

Conversely, suppose that 

                                lim
𝑛→∞

𝑑(𝑥𝑛, 𝑥) = 0 

For 𝑐 ∈ 𝐸 with 0 ≪ 𝑐, there is  𝛿 > 0, such that ‖𝑥‖ = 𝛿 implies 𝑐 − 𝑥 ∈ 𝑖𝑛𝑡 𝑃. 
For this 𝛿 there is N, such that for all n > 𝑁 , ‖𝑑(𝑥𝑛, 𝑥)‖ < 𝛿. 

So, 𝑐 − 𝑑(𝑥𝑛, 𝑥) ∈ 𝑖𝑛𝑡𝑃. This means 𝑑(𝑥𝑛, 𝑥) ≪ 𝑐 

Therefore {𝑥𝑛} converges to 𝑥. 

 

(ii) For any 𝑐 ∈ 𝐸 with 0 ≪ 𝑐, there is N such that for all 𝑛 > 𝑁, 𝑑(𝑥𝑛, 𝑥) ≪ 𝑐 and 𝑑(𝑥𝑛, 𝑦) ≪ 𝑐 .  We have  

𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥𝑛, 𝑥) + 𝑑(𝑥𝑛, 𝑦) ≤ 2𝑐 

Hence  

𝑑(𝑥, 𝑦) ≤ 2𝐾‖𝑐‖ 

 

         Since 𝑐 is arbitrary 𝑑(𝑥, 𝑦) = 0;  therefore   𝑥 = 𝑦. 

 

(iii)  For any  𝑐 ∈ 𝐸 with 0 ≪ 𝑐, there is N such that for all 𝑛, 𝑚 > 𝑁, 𝑑(𝑥𝑛, 𝑥) ≪
𝑐

2
 and   

        𝑑(𝑥𝑚, 𝑥) ≪
𝑐

2
.  

       Hence 𝑑(𝑥𝑛, 𝑥𝑚) ≪ 𝑑(𝑥𝑛, 𝑥) + 𝑑(𝑥𝑚, 𝑥) ≪ 𝑐. 

    Therefore {𝑥𝑛} is a Cauchy sequence. 

 

(iv) Suppose that {𝑥𝑛} is a Cauchy sequence. For every 𝜀 > 0, choose 𝑐 ∈ 𝐸 with 0 ≪ 𝑐 and  
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       𝐾‖𝑐‖ < 𝜀. Then there is N , for all 𝑛, 𝑚 > 𝑁, 𝑑(𝑥𝑛, 𝑥𝑚) ≪ 𝑐.  

       So that when , 𝑚 > 𝑁, ‖𝑑(𝑥𝑛, 𝑥𝑚)‖ ≤ 𝐾‖𝑐‖ < 𝜀. This means  lim
𝑛,𝑚→∞

𝑑(𝑥𝑛, 𝑥𝑚) = 0. 

 

Conversely, suppose that  lim
𝑛,𝑚→∞

𝑑(𝑥𝑛, 𝑥𝑚) = 0. 

       For 𝑐 ∈ 𝐸 with 0 ≪ 𝑐, there is 𝛿 > 0 such that ‖𝑥‖ < 𝛿 ⟹ 𝑐 − 𝑥 ∈ 𝑖𝑛𝑡 𝑃. 
       For this δ there is N , such that for all 𝑛, 𝑚 > 𝑁 , ‖𝑑(𝑥𝑛, 𝑥𝑚)‖ < 𝛿. 
       So 𝑐 − 𝑑(𝑥𝑛, 𝑥𝑚) ∈ 𝑖𝑛𝑡 𝑃. this means 𝑑(𝑥𝑛, 𝑥𝑚) ≪ 𝑐. 
       Therefore {𝑥𝑛} is a Cauchy sequence.  

 

(v) For every 𝜀 > 0, choose 𝑐 ∈ 𝐸 with 0 ≪ 𝑐 and ‖c‖ <
ε

4K+2
. 

         From 𝑥𝑛 ⟶ 𝑥 and 𝑦𝑛 ⟶ 𝑦, there is N such that for all 𝑛 > 𝑁 , 𝑑(𝑥𝑛, 𝑥) ≪ 𝑐 and  

         𝑑(𝑦𝑛 , 𝑦) ≪ 𝑐.  We have  

                              𝑑(𝑥𝑛, 𝑦𝑛) ≤ 𝑑(𝑥𝑛, 𝑥) + 𝑑(𝑥, 𝑦) + 𝑑(𝑦𝑛 , 𝑥) ≤ 𝑑(𝑥, 𝑦) + 2𝑐 

𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥𝑛, 𝑥) + 𝑑(𝑥𝑛, 𝑦𝑛 ) + 𝑑(𝑦𝑛 , 𝑦) ≤ 𝑑(𝑥𝑛, 𝑦𝑛) + 2𝑐 

Hence  

‖𝑑(𝑥𝑛, 𝑦𝑛) − 𝑑(𝑥, 𝑦)‖ ≤ ‖𝑑(𝑥, 𝑦) + 2𝑐 − 𝑑(𝑥𝑛, 𝑦𝑛)‖ + ‖2𝑐‖ ≤ (4𝐾 + 2)‖𝑐‖ < 𝜀 

Therefore 𝑑(𝑥𝑛, 𝑦𝑛) ⟶ 𝑑(𝑥, 𝑦) 

 

 

Definition 2.8. Let (𝑋, 𝑑) be a cone metric space, P a normal cone with normal constant K and 𝑇 ∶  𝑋 →  𝑋. Then 

(i) T is said to be continuous, if 𝑙𝑖𝑚
𝑛→∞

𝑥𝑛 = 𝑥  ⟹ 𝑙𝑖𝑚
𝑛→∞

𝑇( 𝑥𝑛) = 𝑇(𝑥)  for    all {𝑥𝑛} and 𝑥 in 𝑋.   

 

(ii) T is said to be sub-sequentially convergent if we have, for every sequence {𝑦𝑛}, if  𝑇(𝑦𝑛) is convergent, then {𝑦𝑛} has 

a convergent sub-sequence. 

  

(iii)  T is said to be sequentially convergent if we have, for every sequence {𝑦𝑛}, if 𝑇(𝑦𝑛)  is convergent then {𝑦𝑛} also is 

convergent.  

 

 

Now, following the ideas of T. Zamfirescu [D] we introduce the notion of T−Zamfirescu mappings. 

 

Definition 2.9.[14]Let (𝑋, 𝑑) be a cone metric space and 𝑇, 𝑆 ∶  𝑋 →  𝑋 two mappings. S is called a T−Zamfirescu mapping, 

(TZ-mapping), if and only if, there are real numbers, 0 ≤  𝑎 <  1,  0 ≤  𝑏, 𝑐 <  1/2 such that for all 𝑥, 𝑦 ∈  𝑋, at least one of 

the next conditions are true: 

 

 (TZ1): 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤  𝑎𝑑(𝑇𝑥, 𝑇𝑦). 
 (TZ2): 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤  𝑏[𝑑(𝑇𝑥, 𝑇𝑆𝑥)  +  𝑑(𝑇𝑦, 𝑇𝑆𝑦)]. 
 (TZ3): 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤  𝑐[𝑑(𝑇𝑥, 𝑇𝑆𝑦)  +  𝑑(𝑇𝑦, 𝑇𝑆𝑥)]. 
 

Definition 2.10.Let E be a Banach space, 𝑥0 ∈ 𝐸 and  𝑇, 𝑆: 𝐸 → 𝐸 be two mappings. The sequence {𝑇𝑥𝑛} ∈ 𝐸 defined by  

                                𝑇𝑥𝑛+1 = (1 − 𝛼𝑛)𝑇𝑥𝑛 + 𝛼𝑛𝑇𝑆𝑥𝑛                       ∀ 𝑛 = 1,2,3  … . ,                         (2.1)    
where {𝛼𝑛} ∈ [0,1] is called the T-Mann iteration associated to S. 

Lemma 2.11.[15] Let{𝑟𝑛}, {𝑠𝑛} and {𝑡𝑛} be sequences of non negative numbers satisfying the inequality  

𝑟𝑛+1 ≤ (1 − 𝑠𝑛)𝑟𝑛 + 𝑠𝑛𝑡𝑛     for all  𝑛 ≥ 1 

If ∑ 𝑠𝑛 = ∞

∞

𝑛=1

  and lim
𝑛→∞

𝑡𝑛 = 0   then lim
𝑛→∞

𝑟𝑛 = 0 

3. Main Result:- 

Lemma 3.1: Let (𝑋, 𝑑) be a cone metric space and 𝑇, 𝑆 ∶  𝑋 →  𝑋 two mappings with  

𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) ≤ max {
𝑎[𝑑(𝑇𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)],

𝑏[𝑑(𝑇𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑥) − 𝑑(𝑇𝑆𝑦, 𝑇𝑆𝑥)]
}           … (3.1) 

for all 𝑥, 𝑦 ∈ 𝑋. where 0 ≤ 𝑎 ≤ 1  and 0 ≤ 𝑏 ≤ 1 . Then S is a T−Zamfirescu mapping. 

Proof:- For all 𝑥, 𝑦 ∈ 𝑋, 

         𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤ max {
𝑎[𝑑(𝑇𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)],

𝑏[𝑑(𝑇𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑥) − 𝑑(𝑇𝑆𝑦, 𝑇𝑆𝑥)]
}

≤ max {
𝑎[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)],

𝑏[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦) + 𝑑(𝑇𝑆𝑦, 𝑇𝑆𝑥) − 𝑑(𝑇𝑆𝑦, 𝑇𝑆𝑥)]
}

≤ max {
𝑎[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)],

𝑏[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)]
} 

If 𝑎 > 𝑏 

𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤ 𝑎[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)] 
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𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) − 𝑎 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤ 𝑎[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)] 
(1 − 𝑎 )𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤ 𝑎[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)] 

𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤
𝑎

(1 − 𝑎 )
[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)]                                   … (3.2) 

If 𝑏 > 𝑎 

𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤ 𝑏[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)] 
𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) − 𝑏 𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤ 𝑏[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)] 
(1 − 𝑏 )𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤ 𝑏[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)] 

𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤
𝑏

(1 − 𝑏 )
[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)]                                   … (3.3) 

Therefore by denoting 𝜆 = max {
𝑎

1−𝑎 
 ,

𝑏

 1−𝑏 
}   

We have 0 < 𝜆 < 1 . Hence for all 𝑥, 𝑦 ∈ 𝑋 the following inequality holds  

𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦)  ≤ 𝜆[𝑑(𝑇𝑥, 𝑇𝑆𝑥) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)] 
Thus, S is a T−Zamfirescu mapping. 

Theorem 3.2:- Let (𝑋, 𝑑) be a complete cone metric space, P be normal cone with normal cone with normal constant K. 

Moreover, let 𝑇: 𝑋 → 𝑋 be a continuous and one to one mapping and 𝑆: 𝑋 → 𝑋  a continuous mapping with  

𝑑(𝑇𝑆𝑥, 𝑇𝑆𝑦) ≤ max {
𝑎[𝑑(𝑇𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑦)],

𝑏[𝑑(𝑇𝑥, 𝑇𝑆𝑦) + 𝑑(𝑇𝑦, 𝑇𝑆𝑥) − 𝑑(𝑇𝑆𝑦, 𝑇𝑆𝑥)]
}     

Then  

(i) For every 𝑥0 ∈ 𝑋 

lim
𝑛⟶∞

𝑑(𝑇𝑆𝑛+1𝑥0, 𝑇𝑆𝑛𝑥0) = 0 

(ii) There is 𝑦0 ∈ 𝑋 such that  

lim
𝑛→∞

𝑇𝑆𝑛𝑥0 = 𝑦0 

(iii) If T is sub-sequentially convergent, then  {𝑆𝑛𝑥0} has a convergent sub sequence. 

(iv)  There is a unique 𝑧0 ∈ 𝑋 such that 𝑆𝑧0 = 𝑧0. 

(v) If T is sequentially convergent, then for each 𝑥0 ∈ 𝑋 the iterate sequence  {𝑆𝑛𝑥0} convergent to z0 

Proof:-  

(i) By lemma (3.1)  S is a T−Zamfirescu mapping. Therefore, ∃ a real number 0 ≤ ℎ < 1 such that  

𝑑(𝑇𝑆𝑥 , 𝑇𝑆𝑦) ≤ ℎ 𝑑(𝑇𝑥, 𝑇𝑦)  for all 𝑥, 𝑦 ∈  𝑋   
Suppose  𝑥0 ∈ 𝑋  is an arbitrary point and the Picard iteration associated to S, {𝑥𝑛} is defined by  

𝑥𝑛+1 = 𝑆𝑥𝑛 = 𝑆𝑛𝑥0         𝑛 = 0,1,2 … .. 
Thus, 𝑑(𝑇𝑆𝑛+1𝑥0, 𝑇𝑆𝑛𝑥0) ≤ ℎ 𝑑(𝑇𝑆𝑛𝑥0, 𝑇𝑆𝑛−1𝑥0)   

                                                  ≤ ℎ[ℎ 𝑑(𝑇𝑆𝑛−1𝑥0, 𝑇𝑆𝑛−2𝑥0)] 
                                                  ≤ ℎ2𝑑(𝑇𝑆𝑛−1𝑥0, 𝑇𝑆𝑛−2𝑥0) 

                                                  ≤ ℎ3[𝑑(𝑇𝑆𝑛−2𝑥0, 𝑇𝑆𝑛−3𝑥0)] 
Continue to 𝑛 times, for all 𝑛 we have  

                                          𝑑(𝑇𝑆𝑛+1𝑥0, 𝑇𝑆𝑛𝑥0) ≤ ℎ𝑛[𝑑(𝑇𝑆𝑥0, 𝑇𝑥0)]                                  … (3.4) 

Form the above, and fact the cone P is normal cone we obtain that  

              ‖𝑑(𝑇𝑆𝑛+1𝑥0, 𝑇𝑆𝑛𝑥0)‖ ≤ 𝐾ℎ𝑛‖𝑑(𝑇𝑆𝑥0, 𝑇𝑥0)‖ 

Taking limit 𝑛 ⟶ ∞  in the above inequality we can conclude that  

lim
𝑛⟶∞

𝑑(𝑇𝑆𝑛+1𝑥0, 𝑇𝑆𝑛𝑥0) = 0 

(ii) Now, for 𝑚, 𝑛 ∈ 𝑁 with 𝑚 > 𝑛  from (3.4) we get  

𝑑(𝑇𝑆𝑚𝑥0, 𝑇𝑆𝑛𝑥0) ≤ (ℎ𝑛 +   … … +  ℎ𝑚−1)𝑑(𝑇𝑆𝑥0, 𝑇𝑥0) 

                                       ≤
ℎ𝑛

1 − h
𝑑(𝑇𝑆𝑥0, 𝑇𝑥0) 

Since P is a normal cone we obtain 

lim
𝑚,𝑛⟶∞

𝑑(𝑇𝑆𝑚𝑥0, 𝑇𝑆𝑛𝑥0) = 0 

Hence, the fact that (𝑋, 𝑑) is a complete cone metric space, imply that (𝑇𝑆𝑛𝑥0) is a Cauchy sequence in 𝑋, therefore is 𝑦0 ∈ 𝑀 

such that  

lim
𝑛→∞

𝑇𝑆𝑛𝑥0 = 𝑦0 

(iii) If 𝑇 is sub-sequentially convergent, {𝑆𝑛𝑥0} has a convergent subsequence, so there is z0 ∈ M and {𝑛𝑘}𝑘=1
∞  such that  

lim
𝑘→∞

𝑆𝑛𝑘𝑥0 = 𝑧0 

(iv) Since T and S are continuous mappings we obtain: 

lim
𝑘→∞

𝑇 𝑆𝑛𝑘 𝑥0 = 𝑇𝑧0 

lim
𝑘→∞

𝑇 𝑆𝑛𝑘+1𝑥0 = 𝑇𝑆𝑧0 

Therefore, 𝑇𝑧0 = 𝑦0 = 𝑇𝑆𝑧0 ,  

Since, T is one to one, then 𝑆𝑧0 = 𝑧0. 

So S has a fixed point.  

Now, suppose that 𝑆𝑧0 = 𝑧0 and 𝑆𝑧1 = 𝑧1. 
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𝑑(𝑇𝑆𝑧0, 𝑇𝑆𝑧1)  ≤ 𝜆[𝑑(𝑇𝑧0, 𝑇𝑆𝑧0) + 𝑑(𝑇𝑧1 , 𝑇𝑆𝑧1)] 
𝑑(𝑇𝑧0 , 𝑇𝑧1)  ≤ 𝜆[𝑑(𝑇𝑧0, 𝑇𝑧0) + 𝑑(𝑇𝑧1 , 𝑇𝑧1)] 
𝑑(𝑇𝑧0, 𝑇𝑧1)  ≤ 0                                                    

⟹ 𝑑(𝑇𝑧0, 𝑇𝑧1) = 0                                                    
⟹  𝑇𝑧0 = 𝑇𝑧1                                                              

Since T is one to one, then we obtain that    𝑧0 = 𝑧1. 

(v) It is clear that if T is sequentially convergent, then for each 𝑥0 ∈ 𝑋, the iterate sequence {𝑆𝑛𝑥0} converges to 𝑧0. 

Theorem 3.3: Let E be a real Banach space, K be a closed, convex subset of E and   𝑇, 𝑆: 𝐾 →  𝐾 be two mappings such that T 

is continuous, one-to-one, sub-sequentially convergent with   

‖𝑇𝑆𝑥 − 𝑇𝑆𝑦‖ ≤ max {
𝑎[ ‖𝑇𝑥 − 𝑇𝑆𝑦‖ + ‖𝑇𝑦 − 𝑇𝑆𝑦‖],

𝑏[‖𝑇𝑥 − 𝑇𝑆𝑦‖ + ‖𝑇𝑦 − 𝑇𝑆𝑥‖ − ‖𝑇𝑆𝑦 − 𝑇𝑆𝑥‖]
}           … (3.5) 

Let {𝑇𝑥𝑛}𝑛=0
∞  be the sequence defined as in (2.1) where {𝛼𝑛}𝑛=0

∞ ∈ [0,1] and ∑ 𝛼𝑛
∞
𝑛=1 = ∞ then {𝑇𝑥𝑛}𝑛=0

∞  converges to 𝑇𝑥∗ 

where 𝑥∗ is the fixed point of S. 

Proof:  By Lemma (3.1), S is a T−Zamfirescu mapping, and by the theorem (3.2) we get that S has a unique fixed point, say 

𝑥∗ in K.  

Since S is a T−Zamfirescu mapping, therefore, there is a real number 0 ≤ 𝑘 < 1 such that  

                        ‖𝑇𝑆𝑥 − 𝑇𝑆𝑦‖ ≤ 𝑘‖𝑇𝑥 − 𝑇𝑦‖                                                               … (3.6)      
Let {𝑇𝑥𝑛}𝑛=0

∞ ∈ 𝐾 be the T- Mann iteration associated to S defined by (2.1) and  𝑥0 ∈ 𝐾 . Then  

‖𝑇𝑥𝑛+1 − 𝑇𝑥∗‖ = ‖(1 − 𝛼𝑛)𝑇𝑥𝑛 + 𝛼𝑛𝑇𝑆𝑥𝑛 − 𝑇𝑥∗‖                
                                   = ‖(1 − 𝛼𝑛)(𝑇𝑥𝑛 − 𝑇𝑥∗) + 𝛼𝑛(𝑇𝑆𝑥𝑛 − 𝑇𝑥∗)‖ 

Which gives  

                          ‖𝑇𝑥𝑛+1 − 𝑇𝑥∗‖ ≤ (1 − 𝛼𝑛)‖𝑇𝑥𝑛 − 𝑇𝑥∗‖ + 𝛼𝑛‖𝑇𝑆𝑥𝑛 − 𝑇𝑥∗‖         … (3.7) 

Taking 𝑥 = 𝑥∗ and 𝑦 = 𝑥𝑛 in (3.6) we get  

‖𝑇𝑆𝑥∗ − 𝑇𝑆𝑥𝑛‖ ≤ 𝑘‖𝑇𝑥∗ − 𝑇𝑥𝑛‖ 

which implies  

                                                  ‖𝑇𝑥∗ − 𝑇𝑆𝑥𝑛‖ ≤ 𝑘‖𝑇𝑥∗ − 𝑇𝑥𝑛‖                                           … (3.8)  
 Using (3.7) and (3.8) we obtain, 

                          ‖𝑇𝑥𝑛+1 − 𝑇𝑥∗‖ ≤ (1 − 𝛼𝑛)‖𝑇𝑥𝑛 − 𝑇𝑥∗‖ + 𝛼𝑛𝑘‖𝑇𝑥∗ − 𝑇𝑥𝑛‖          
                             = (1 − 𝛼𝑛 + 𝛼𝑛𝑘)‖𝑇𝑥𝑛 − 𝑇𝑥∗‖          
                           = [1 − 𝛼𝑛(1 − 𝑘)]‖𝑇𝑥𝑛 − 𝑇𝑥∗‖          

Since 0 ≤ 𝑘 < 1, 𝛼𝑛 ∈ [0,1] and ∑ 𝛼𝑛 = ∞∞
𝑛=1 ,  

by setting 𝛼𝑛 = (1 − 𝑘)𝛼𝑛,   𝑟𝑛 = ‖𝑇𝑥𝑛 − 𝑇𝑥∗‖ and by applying Lemma (2.11) we get that  

𝑙𝑖𝑚
𝑛→∞

‖𝑇𝑥𝑛 − 𝑇𝑥∗‖ = 0 

Hence {𝑇𝑥𝑛}𝑛=0
∞  converges to 𝑇𝑥∗ where 𝑥∗is the fixed point of S. 

 

References  

[1] Beiranvand, S. Moradi, M. Omid and H. Pazandeh, Two fixed point theorem for special mapping, arXiv:0903.1504v1 

[math.FA]  

[2] D. Ilic and V. Rakoevic, Common fixed points for maps on cone metric space, J.Math. Anal. Appl. 341 (2) (2008) 876  

[3] Huan Long - Guang and Zhan Xian, Cone metric spaces and fixed point theorems of contractive mappings, J. Math. Anal. 

Appl., 332, (2007), 1468–1476.  

[4] J. Morales and E. Rojas, Cone metric spaces and fixed point theorems of T−contractive mappings, preprint, 2009. 

[5] J. Morales and E. Rojas, Cone metric spaces and fixed point theorems of T−Kannan contractive mappings, 

arXiv:0907.3949v1 [math.FA]. 
[6] J. Morales and E. Rojas, Some results on T-Zamfirescu operators, Revista Notas de mathematica, 5 (1) (2009), 64-71. 

[7] L G. Huang, X. Zhang, Cone metric space and fixed point theorems, Math. Anal. Appl. 332 (2) (2007) 1468. Anal. Appl. 

341 (2) (2008) 876.  

[8] L G. Huang, X. Zhang, Cone metric space and fixed point theorems, Math. Anal. Appl. 332 (2) (2007) 1468. Anal. Appl. 

341 (2) (2008) 876  

[9] M. Abbas, G. Jungck, Common fixed point results for noncommuting mappings without continuity in cone metric space, J. 

Math. Anal. Appl. 341 (2008)416.  

[10] R. Kannan, Some results on fixed points, Bull. Calcutta Math. Soc., 60, (1968), 71–76.  

[11] S M Kang and B. Rhoades, Fixed points for four mappings, Math. Japonica, 37(6) (1992), 1053  

[12] S M Kang and B. Rhoades, Fixed points for four mappings, Math. Japonica, 37(6) (1992), 1053. 

[13] S. Moradi, Kannan fixed point theorem on complete metric spaces and on generalized metric spaces depended on another 

function, arXiv:0903.1577v1 [math.FA].  

[14] T. Zamfirescu, Fixed points theorems in metric spaces, Arch. Math., 23, (1972), 292–298  

[15] V. Berinde, Iterative approximation of fixed points, Springer-Verlag, Berlin Heidelberg, 2007. 

 

 

file:///E:/Planet%20Publication/IJEDR/Volume%203/Vol%203%20Issue%202/Published_Paper_V3_I2/www.ijedr.org

	Definition 2.1. Let (𝐸, ‖∙‖) be a real Banach space. A subset 𝑃⊆𝐸 is said to be a cone if and only if
	Definition 2.2. [7] Let X be a nonempty set. Suppose that the mapping 𝑑∶𝑋×𝑋 → 𝐸 satisfies
	0 ≤𝑥 ≤ 𝑦 Implies ,𝑥. ≤ 𝐾,𝑦.
	Definition 2.4. [11] Let X be a vector space over R. Suppose the mapping ‖∙‖ : 𝑋 → 𝐸 satisfies
	Definition 2.5. [3] Let (𝑋,𝑑) be a cone metric space, 𝑥∈𝑋 and {,𝑥-𝑛.} a sequence in X. Then
	Definition 2.6. [11] Let (𝑋,‖∙‖) be a cone normed space, 𝑥 ∈𝑋 and {,𝑥-𝑛.} a sequence in X. Then
	For every real 𝜀>0,  choose 𝑐∈𝐸 with 0≪𝑐  and K,c.<𝜀
	Definition 2.8. Let (𝑋, 𝑑) be a cone metric space, P a normal cone with normal constant K and 𝑇 : 𝑋 → 𝑋. Then
	Now, following the ideas of T. Zamfirescu [D] we introduce the notion of T−Zamfirescu mappings.
	Definition 2.10.Let E be a Banach space, ,𝑥-0.∈𝐸 and  𝑇, 𝑆: 𝐸→𝐸 be two mappings. The sequence ,𝑇,𝑥-𝑛..∈𝐸 defined by
	Proof:-
	(i) By lemma (3.1)  S is a T−Zamfirescu mapping. Therefore, ∃ a real number 0≤ℎ<1 such that
	Form the above, and fact the cone P is normal cone we obtain that
	(ii) Now, for 𝑚,𝑛∈𝑁 with 𝑚>𝑛  from (3.4) we get
	(iii) If 𝑇 is sub-sequentially convergent, ,,𝑆-𝑛.,𝑥-0.. has a convergent subsequence, so there is ,z-0.∈M and ,,,𝑛-𝑘..-𝑘=1-∞. such that
	(iv) Since T and S are continuous mappings we obtain:
	(v) It is clear that if T is sequentially convergent, then for each ,𝑥-0.∈𝑋, the iterate sequence ,,𝑆-𝑛.,𝑥-0.. converges to ,𝑧-0..
	Since S is a T−Zamfirescu mapping, therefore, there is a real number 0≤𝑘<1 such that
	Let ,,𝑇,𝑥-𝑛..-𝑛=0-∞.∈𝐾 be the T- Mann iteration associated to S defined by (2.1) and  ,𝑥-0.∈𝐾 . Then
	=,,1−,𝛼-𝑛..,𝑇,𝑥-𝑛.−𝑇,𝑥-∗..+,𝛼-𝑛.,𝑇𝑆,𝑥-𝑛.−𝑇,𝑥-∗...
	References

